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. , : $R^{n}$
$dx/dt=\dot{x}=f(x)$ $f$ ( $0$) $=0)C^{\infty}$
,
$\dot{x}=Ax+P_{2}(x)+P_{3}(x)+\cdots$ , (1.1)
. $A$ , $P_{k}(x)$ $k$ .
, , $P_{2},$ $P_{3},$ $\cdots$
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, $\dot{x}=Ax+f(x)$ , $C^{\infty}$ $(C^{\infty}$
normal forms) . $f$ $C^{\infty}$ .






. 3.1 , $C^{\infty}$ , $C^{\infty}$
, . 32 $C^{\infty}$
. $C^{\infty}$ ,
(renormalization group method) . 33 ,
$A$ . ,
. 4 , 2
.
2 Review of the polynomial normal forms
, $C^{\infty}$ ,
. Chow, Li, Wang[8] Murdock[10]
.
$P^{k}(R^{n})$ $R^{n}$ $k$ . $R^{n}$
$\frac{dx}{dt}=\dot{x}=Ax+\epsilon g_{2}(x)+\epsilon^{2}g_{3}(x)+\cdots$ , $x\in R_{2}^{n}$ (2.1)
. $A$ $n\cross n$ , $g_{k}\in\beta(R^{n}),$ $k=2,3,$ $\cdots$ .
$\epsilon\in \mathbb{R}$
, $\epsilon=1$ . $\epsilon$
. , $\dot{x}=f(x)$ , $f$
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$C^{\infty}$ , $x\mapsto\epsilon x$
$\epsilon\dot{x}=f(\epsilon x)$ $\epsilon$ , (2.1)
.
(2.1)
$x=y+\epsilon h_{2}(y)$, $h_{2}\in P^{2}(\mathbb{R}^{n})$ (2.2)
. (2.2) (2.1)
$(id+ \epsilon\frac{\partial h_{2}}{\partial y}(\gamma))\dot{y}=A(y+\epsilon h_{2}(y))+\epsilon g_{2}(\gamma+\epsilon h_{2}(\gamma))+\epsilon^{2}g_{3}(\gamma+\epsilon h_{2}(y))+\cdots$ (2.3)
. $\epsilon$ :
$\dot{y}=Ay+\epsilon(g_{2}(\gamma)-\frac{\partial h_{2}}{\partial y}(\gamma)Ay+Ah_{2}(y))+\epsilon^{2}\overline{g}_{3}(y)+\cdots$ . (2.4)
$\overline{g}_{3}\in P^{3}(R^{n})$ . ,
$\mathcal{L}_{A}$
$\mathcal{L}_{A}\omega(x)=\frac{\partial f}{\partial x}(x)Ax-Af(x)$ (2.5)
. $\mathcal{L}_{A}$ , $\mu_{(R^{n})}$ $\mu_{(R^{n})}$
.
$P(R^{n})={\rm Im} \mathcal{L}_{A}|\mu_{(R^{n})}\oplus C_{k}$ (2.6)
. $C_{k}$ ${\rm Im} \mathcal{L}_{A}|\mu(R^{n})$ . , C $C_{k}=$
$Ker\mathcal{L}_{\Lambda’}|_{F(R^{n})}$ . $A^{r}$ $A$
:
$P(R^{n})={\rm Im} \mathcal{L}_{A}|_{P(R^{n})}\oplus Ker\mathcal{L}_{A}\cdot|\mu_{(\mathbb{R}^{n})}$. (2.7)
(2.4) $\mathcal{L}_{A}$
$\dot{y}=Ay+\epsilon(g_{2}(y)-\mathcal{L}_{\Lambda}(h_{2})(y))+\tilde{g}_{3}(y)+\cdots$ , (2.8)
, $h_{2}\in P^{2}(R^{n})$ $g_{2}-\mathcal{L}_{A}(h_{2})\in Ker\mathcal{L}_{A}\cdot|_{P^{2}(R^{n})}$
.




















. (2.1) , (2.11) (2.12)
. Zung[12]
. (2.12) . , (2.10)
, $R_{2}:=g_{2}-\mathcal{L}_{A}(h_{2})$ $h_{2}$ $(Ker\mathcal{L}_{A^{\backslash }}\cdot$
$h_{2}$ ). $h_{2}$ $\tilde{g}_{3}$
, $R_{3},R_{4},$ $\cdots$ . ,
hyper-nomal form [10,11].
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$A$ $A=$ diag $(\lambda_{1}, \cdots, \lambda_{n})$ ${\rm Im} \mathcal{L}_{A}$ $Ker\mathcal{L}_{A}$.
${\rm Im} \mathcal{L}_{A}\cap l^{\star}(R^{n})=span\{x_{1}^{q_{1}}x_{2}^{q_{2}}\cdots x_{n}^{q_{n}}e_{i}|\sum_{j=1}^{n}\lambda_{j}q_{j}\neq\lambda_{i}, \sum_{j=1}^{n}q_{j}=k\}$, (2. 14)
$Ker\mathcal{L}_{A}\cdot\cap P(R^{n})=\{\int\in P(R^{n})|f(\epsilon^{At}x)=l^{l}f(x)\}$
$=$ span$\{x_{1}^{q_{1}}x_{2}^{q_{2}}\cdots x_{n}^{q_{n}}e_{i}|\sum_{j=1}^{n}\lambda_{j}q_{j}=\lambda_{i}, \sum_{j=1}^{n}q_{j}=k\}$, (2.15)
,
(Chow, Li, Wang [91). $e_{1},$ $\cdots,e_{n}$ $R^{n}$ .
$\sum_{j}^{n}=1\lambda_{j}q_{j}=\lambda_{i}$ .
$\mathcal{L}_{A}\omega(x)=\frac{\partial f}{\partial x}(x)Ax-Af(x)=0$ (2.16)
$f(l^{t}x)=e^{\Lambda t}f(x)$ .
3 $C^{\infty}$ normal forms theory
$C^{\infty}$ . 3.1 (2.7) ,
$C^{\infty}$ , . 32
$C^{\infty}$ . 33 $A$
. . ,
.
3.1 Decomposition of the space of $C^{\infty}$ vector fields
$P_{0}(R^{n})$ $R^{n}$ 1
. $P_{0}(R^{n})$ $\mathcal{L}_{\Lambda}$ (2.5) ,






$K\subset R^{n}$ $\overline{K}$ .
$\chi$;( $K$ $C^{\infty}$ $f$ $(f(O)=0)$ ,
$\mathcal{L}_{\Lambda}$ : $X_{0}^{\infty}(K)arrow \mathcal{X}_{0}^{\infty}(K)$ (2.5) . ,
$\mathcal{X}_{0}^{\infty}(K)=V_{I}\oplus V_{K}$ (3.2)
.
$V_{I};={\rm Im} \mathcal{L}_{\Lambda}$ , (3.3)
$V_{K}:=\{f\in X_{0}^{\infty}(K)|f(e^{A^{*}t}x)=l^{*}{}^{t}f(x)\}$ . (3.4)
X;( $C^{\infty}$
(Hirsch [9]) , $\mathcal{P}_{I}:P_{0}(R^{n})arrow{\rm Im} \mathcal{L}_{\Lambda}$ $\mathcal{P}\kappa$ : $P_{0}(\mathbb{R}^{n})arrow Ker\mathcal{L}_{A^{n}}$
.
$\mathcal{P}_{I}$ : $X_{0}^{\infty}(K)arrow V_{l}$ $\mathcal{P}_{K}$ : $\mathcal{X}_{0}^{\infty}(K)arrow V_{K}$ . $g\in V_{I}$
, $F\in \mathcal{X}_{0}^{\infty}(K)$
$\frac{\partial F}{\partial x}(x)_{1}4x-AF(x)=g(x)$ (3.5)
. $F$ . , $F$
, $h\in V_{K}$ $h$ $F+h$ . $F$
(3.5) $\mathcal{P}_{K}(F)=0$ , $F=O(g)$ .




(i) $\mathcal{P}_{K}\circ\alpha g)=0$ , (3.6)
$(ii)O(Dg\cdot O(g)+DO(g)\cdot g)=\mathcal{P}_{I}(DO(g)\cdot Ooe))$ , (3.7)
$( iii)e^{-As}g(e^{As}x)=\frac{\partial}{\partial s}(e^{-As}O(g)(e^{As}x))$ , $s\in R$, (3.8)
. $D$ $x$ .
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Proof. (i) $O$ . (ii) $F=Otg$) . (3.5) ,
$\frac{\partial}{\partial x}(\frac{\partial F}{\partial x}(x)F(x))Ax-A(\frac{\partial F}{\partial x}(x)F(x))=\frac{\partial g}{\partial x}(x)F(x)+\frac{\partial F}{\partial x}(x)g(x)$ , (3.9)
, (ii) . (iii) . $\blacksquare$
Lie ( ) $[\cdot,$ $\cdot]$
$[f,g](x)= \frac{\partial f}{\partial x}(x)g(x)-\frac{\partial g}{\partial x}(x)f(x)$ . (3.10)
. $V_{K}$ Lie .
Proposition 3.3.




$A=A^{*}$ . $g\in V_{l},$ $h\in$ . .
$( i)\frac{\partial g}{\partial x}h\in V_{l}$, $o( \frac{\partial g}{\partial x}h)=\frac{\partial O\otimes)}{\partial x}h$ , (3.11)
$( ii)\frac{\partial h}{\partial x}g\in V_{I}$ , $0( \frac{\partial h}{\partial x}g)=\frac{\partial h}{\partial x}O(g)$ , (3.12)
$(iii)k,h]\in V_{I}$ , $O([g,h])=[O(g),h]$ . (3.13)
Proof. $F=O\otimes$) . $g$ $h$ (3.5)
$\frac{\partial h}{\partial x}(x)Ax-Ah(x)=0$ (3.14)
.
$\frac{\partial}{\partial x}(\frac{\partial F}{\partial x}(x)h(x))Ax-A(\frac{\partial F}{\partial x}(x)h(x))=\frac{\partial g}{\partial x}(x)h(x)$, (3.15)
$\frac{\partial}{\partial x}(\frac{\partial h}{\partial x}(x)F(x))Ax-A(\frac{\partial h}{\partial x}(x)F(x))=\frac{\partial h}{\partial x}(x)g(x)$, (3.16)
, $\partial g/\partial x\cdot h\in V_{l}$ , $\partial h/\partial x\cdot g\in V_{I}$ .
$\partial F/\partial x\cdot h\in V_{I}$ , $\partial h/\partial x\cdot F\in V_{I}$ , (i) (ii)
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. (iii) (i) (ii) . $\blacksquare$
Remark 3.5. Prop.3.3 3.4 $[V_{K}, V_{K}]\subset V_{K},$ $[V_{I}, V_{K}]\subset V_{I}$ ,
[VI, $V_{J}$] $\subset V_{I}$ . Lie
, $[\mathcal{P}_{K}(g),\mathcal{P}_{K}(h)]\neq \mathcal{P}_{K}[g,h]$ .
3.2 $C^{\infty}$ normal forms
$\dot{x}=Ax+\epsilon g_{1}(x)+\epsilon^{2}g_{2}(x)+\cdots$ , $x\in R_{9}^{n}$ (3.17)
. $A$ $n\cross n$ , $g_{1}(x),$ $g_{2}(x),$ $\cdots\in \mathcal{X}_{0}^{\infty}(R^{n})$ $C^{\infty}$
. $\epsilon\in R$ ,












$\dot{x}_{i}=Ax_{t}+G_{i}(x_{0},x_{1}, \cdots ,x_{i-1})$ , (3.22)
$G_{k}$
$\sum_{k=1}^{\infty}\epsilon^{k}g_{k}(\sum_{j=0}^{\infty}\epsilon^{i}x_{j})=\sum_{k=1}^{\infty}\oint G_{k}(x_{0},x_{1}, \cdots,x_{k-1})$ (3.23)
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. $G_{1},$ $G_{2},$ $G_{3}$
$G_{1}(x_{0})=g_{1}(x_{0})$ , (3.24)
$G_{2}(x_{0},x_{1})= \frac{\partial g_{1}}{\partial x}(x_{0})x_{1}+g_{2}(x_{0})$ , (3.25)
$G_{3}(x_{0},x_{1},x_{2})= \frac{1}{2}\frac{\partial^{2}g_{1}}{\partial x^{2}}(x_{0})x_{1}^{2}+\frac{\partial g_{1}}{\partial x}(x_{0})x_{2}+\frac{\partial g_{2}}{\partial x}(x_{0})x_{1}+g_{3}(x_{0})$, (3.26)
.




$x_{1}(t)=l^{t}h^{(1)}(y)+e^{At} \int_{0}e^{-\Lambda s}g_{1}(e^{As}y)ds$ (3.28)
. , $h^{(1)}$ , $x_{1}(t)$
. $\mathcal{P}_{I}(g_{1})=g_{1I},$ $\mathcal{P}_{K}(gi)=gi_{K}$ .
Prop.3.2 (iii)








$x_{2}(t)=e^{At}h^{(2)}(y)+l^{t} \int_{0}e^{-As}(\frac{\partial g_{1}}{\partial x}(l^{s}v)(O(g_{1J})(e^{As}y)+g_{1K}(e^{As}y)s)+g_{2}(e^{As}y))ds,$ $(3.31)$
. $h^{()}\sim(\gamma)=x_{2}(0)$ . $h^{(2)}$ ,
$x_{2}(t)= \varphi_{I}(R_{2})(l^{t}y)+(\mathcal{P}_{K}(R_{2})+\frac{\partial O(g_{1I})}{\partial y}g_{1K})(e^{At}y)t+\frac{1}{2}\frac{\partial g_{1K}}{\phi}(l^{t}y)g_{1K}(e^{At}y)t^{2}$ , (3.32)
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. $O\mathcal{P}_{I}=O\circ \mathcal{P}_{I}$ , $R_{2}$
$R_{2}(y)=G_{2}( \gamma,O(g_{1I})(\vee v))-\frac{\partial O(g_{1I})}{\partial y}(y)g_{1K}(v)$








$- \sum_{j=1}^{k-1}\frac{\partial O\mathcal{P}_{I}(R_{j})}{\partial y}(y)\mathcal{P}_{K}(R_{k-j})(y)$, (3.35)
. , (3.22) :
$x_{i}=x_{i}(t,y)=\Phi_{I}()(e^{At}y)+p_{1}^{(i)}(t,e^{At}y)t+p_{2}^{(i)}(t$ , $\cdot\cdot\cdot$ $+p_{i}^{(l)}(t,e^{At}y)t^{i}$ . (3.36)
$p_{j}^{(\iota)}$
$p_{1}^{(\iota)}(t,y)= \mathcal{P}_{K}(R_{i})(y)+\sum_{k=1}^{i-1}\frac{\partial O\mathcal{P}_{l}(R_{k})}{\partial y}(y)\mathcal{P}_{K}(R_{i-k})(y)$ , (3.37)
$p_{j}^{(l)}(t,y)= \frac{1}{j}\sum_{k=1}^{i-1}\frac{\partial p_{j-1}^{(k)}}{\partial y}(t,y)\mathcal{P}_{K}(R_{i-k})(y),$ $(j=2,3, \cdots , i-1)$ , (3.38)
$p_{i}^{(l)}(t,y)= \frac{1}{i}\frac{\partial p_{i-1}^{(i-1)}}{\partial y}(t,y)\mathcal{P}_{K}(R_{1})(y)$ , (3.39)
$p_{j}^{(\iota)}(t,y)=0,$ $C>i)$ (3.40)
.






. $t$ ( ) , $tarrow\infty$ .
, Chen, Goldenfeld, Oono [3,41
.
.






$\frac{d}{d\tau}|_{\tau=t}$ $(t,y’)=0$ . (3.43)








. (RG equafion) . (3.42) $\tau$
$\tau=t$
$\hat{x}(t,v(t))=e^{At}y(t)+\sum_{j=1}^{\infty}\epsilon^{i}O\mathcal{P}_{I}(R_{j})(e^{At}y(t))$ , (3.47)
. $y(t)$ (3.46) . $\hat{x}(t,y(t))$ ,
$\epsilon$ , (3.17)












. $S(z, \epsilon)$ $z$ $\epsilon$ $C^{\infty}$ .
$\dot{z}=Az+\epsilon \mathcal{P}_{K}(R_{l})(z)+\epsilon^{2}\mathcal{P}_{K}(R_{2})(z)+\cdots+\epsilon^{m}\mathcal{P}_{K}(R_{m})(z)$ (3.52)
(3.17) $m$ $C^{\infty}$ (m-th order normal form) .
Proof. (3.50) (3.51) $z=e^{At}y$ ,
$x=e^{At}y+\epsilon O\mathcal{P}_{I}(R_{1})(l^{t}y)+\cdots+\epsilon^{m}O\mathcal{P}_{l}(R_{m})(e^{At}y)$ (3.53)
(3.17)
$\dot{y}=\epsilon \mathcal{P}_{K}(R_{1})(y)+\cdots+\epsilon^{m}\mathcal{P}_{K}(R_{m})(y)+\epsilon^{m+1}\overline{S}(t,y, \epsilon)$ (3.54)
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. . (3.53) (3.17)
,
$\frac{dx}{dt}=(e^{At}+\sum_{k=1}^{m}i\frac{M_{l}(R_{k})}{\partial y}(l^{t}y)l^{t})\dot{y}+Ae^{At}y+\sum_{k=1}^{m}\epsilon^{k}\frac{M_{I}(R_{k})}{\partial y}(l^{t}y)Ae^{At}y$ (3.55)
. $\varphi_{I}(R_{k})$




. $R_{k}=\mathcal{P}_{I}(R_{k})+\mathcal{P}_{K}(R_{k})$ , (3.35) (3.57)
$\frac{dx}{dt}=(l^{t}+\sum_{k=1}^{m}\epsilon^{k}\frac{M_{I}(R_{k})}{\partial y}(\epsilon^{At}y)e^{At})\dot{y}+Ae^{At}y+\sum_{k=1}^{m}\epsilon^{k}AO\mathcal{P}_{J}(R_{k})(e^{At}y)$
$+ \sum_{k=1}^{m}\epsilon^{k}(G_{k}(e^{At}y,O\mathcal{P}_{I}(R_{1})(\text{ ^{}t}y), \cdots,O\mathcal{P}_{I}(R_{k-1})(l^{t}y))$




$+ \sum_{k=1}^{m}lc_{k}(\text{ ^{}t}y,O\mathcal{P}_{I}(R_{1})(e^{At}y), \cdots,O\mathcal{P}I(R_{k-1})(l^{l}y))+O(\epsilon^{m+1})$ (3.59)
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. (3.17) :
$\dot{y}=(e^{At}+\sum_{k=1}^{m}\epsilon^{k}\frac{\partial Q\mathcal{P}_{J}(R_{t-})}{\partial v}(l^{t}y)\text{ ^{}t})^{-1}\cross$
$\sum_{k=1}^{m}\epsilon^{k}(P_{K}(R_{k})(l^{t}y)+\sum_{j=1}^{k-1}\frac{\partial O\mathcal{P}_{1}(R_{j})}{\partial y}(e^{At}y)\mathcal{P}_{K}(R_{k-j})(l^{t}y)]+O(\epsilon^{m+1})$
$=e^{-At}(id+ \sum_{j=1}^{\infty}(-1\dot{y}(\sum_{k=1}^{m}\epsilon^{k}\frac{M_{I}(R_{k})}{\partial y}(e^{At}y))^{j})\cross$
$(e^{At} \sum_{k=1}^{m}\epsilon^{k}\mathcal{P}_{K}(R_{k})(\gamma)+\sum_{k=1}^{m}\epsilon^{k}\frac{\partial O\mathcal{P}_{I}(R_{k})}{\partial y}(\epsilon^{At}y)l^{t}\sum_{j=1}^{m-k}\epsilon^{j}\mathcal{P}_{K}(R_{j})(y))+0(\epsilon^{m+1})$
$= \sum_{k=1}^{m}\epsilon^{k}\mathcal{P}_{K}(R_{k})(y)+e^{-At}\sum_{j=1}^{\infty}(-1\}^{i}(\sum_{k=1}^{m}\epsilon^{k}\frac{\partial O\mathcal{P}_{I}(R_{k})}{\partial y}(l^{l}y)\int\epsilon^{\Lambda\iota}\sum_{i=m-k+1}^{m}\epsilon^{i}\mathcal{P}_{K}(R_{i})(\gamma)+O(\epsilon^{m+1})$
$= \sum_{k=1}^{m}\epsilon^{k}\mathcal{P}_{K}(R_{k})(y)+O(\epsilon^{m+1})$ . (3.60)
(3.17) (3.54) . $\blacksquare$
Remark 3.8.
(3.51) , (3.50) $U$
. $\epsilon$ , $U$
. $O\mathcal{P}_{I}(R_{k})(z)$ 2 , $z\sim O(1/\epsilon)$
. , $C^{\infty}$
. $O\mathcal{P}_{I}(R_{k})(z),$ $k=1,2,$ $\cdots,m$ 2
, $\epsilon$ , (3.50) $z\in R^{n}$ .
Example 4.1 .
3.3 Non-hyperbolic case
(3.17) $A$ , $A$
, (3.17) $\dot{x}=Ax$ ,
. , $A$ (3.17)
, .
. [2,61 , $A$
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. $A$




. (3.52) $O\mathcal{P}_{I}(g)$ , $\mathcal{P}_{K}(g)$
. $e^{-\Lambda s}g(e^{As}x)$ $s$ , $e^{-As}g(e^{As}x)=$
$\sum_{\lambda_{i}\in\Lambda}c(\lambda_{i},x)e^{\sqrt{-1}}\lambda,s$ Fourier . $\Lambda$ Fourier
, $c(\lambda_{i}, x)\in R^{n}$ Fourier . Fourier Fourier
$c(O, x)$ $e^{-As}g(e^{As}x)$ :
$c( O, x)=\lim_{tarrow\infty}\frac{1}{t}\int e^{-As}g(l^{s}x)ds$ . (3.62)
$\int_{0}^{t}e^{-\Lambda(s-l)}g(e^{\Lambda(s-t)}x)ds=\int_{0}\sum_{\lambda,\in\Lambda}c(\lambda_{i},x)e^{\sqrt{-1}\{t(s-t)}jds$
$= \sum_{\lambda_{j}\neq 0}\frac{1}{\sqrt{-1}\lambda_{i}}c(\lambda_{i},x)(1-e^{-\sqrt{-1}\lambda_{l}t})+c(0,x)t$ (3.63)
. (3.61)
$\mathcal{P}_{K}(g)(x)=c(0,x)=\lim_{larrow\infty}\frac{1}{t}\int e^{-As}g(l^{s}x)ds$ , (3.64)
$O \mathcal{P}_{I}(g)(x)=\sum_{\lambda_{l}\neq 0}\frac{1}{\sqrt{-1}\lambda_{i}}c(\lambda_{i},x)=\lim_{tarrow 0}\int(e^{-As}g(l^{s}x)-\mathcal{P}_{K}(g)(x))ds$ , (3.65)
. $\int^{t}$ ,
. $\mathcal{P}_{K}$ $O\mathcal{P}_{I}$ ,
.
, (3.17) (3.52) $m\geq 1$ $\mathcal{P}_{K}(R_{1})=\cdots=$




$\dot{y}=\epsilon^{m}\mathcal{P}_{K}(R_{m})$ . $e^{At}$ , (3.51)
(3.66) . ,
.
Theorem 3.9 (Chiba [5,7]).
$A$ , . (3.17)
$m\geq 1$ $\mathcal{P}_{K}(R_{1})=\cdots\overline{\sim}\mathcal{P}_{K}(R_{m-1})=0$ .
, $dy/dt=\epsilon^{m}\mathcal{P}_{K}(R_{m})(y)$ (normally hyperbolic invariant
manifold)N , $|\epsilon|$ , (3.17) $N$







. $\epsilon>0$ . $x_{1}=$
$z_{1}+z_{2},$ $x_{2}=i(z_{1}-z_{2})$ ,
$\frac{d}{dt}(\begin{array}{l}Z1z_{2}\end{array})=(\begin{array}{l}0i0-i\end{array})(\begin{array}{l}z_{1}z_{2}\end{array})+\epsilon(ssiinn((zz_{1}1\ddagger_{Z_{2})}^{z_{2})}),$ (4.2)








$+ \frac{\epsilon}{12}(_{y_{1}f_{2}^{2}(\gamma_{1}y_{2}-6i)}^{y_{1}^{2}y(\gamma 1y_{2}+6_{l})})-\frac{\epsilon}{144}(_{y_{2}}^{y_{1}}0_{1}\wp_{!^{fl_{-39iy_{1}}}}P_{2}^{+39iy^{2}y}1j_{2}^{2}\ddagger_{54y_{1}y_{2}-18_{l})}^{54y_{1}y_{2}+18_{l})})$ (4.4)
. $y_{1}=re^{t\theta},$ $y_{2}=re^{-i\theta}$ ,
(4.5)$\{\dot{r}=\epsilon r-\frac{\epsilon}{\beta}r^{3}\frac{\epsilon}{l,.2}r^{5}-\frac(r^{7}+54r^{3})\dot{\theta}=1-\frac{}{2}+\frac{+\epsilon}{l2}6r^{2}-\frac{1\mu\epsilon}{l44}(39r^{4}+18)$





(II) (4.2) $C^{\infty}$ . 1 $\mathcal{P}_{K}(R_{1})$
(3.64)




$\{\begin{array}{l}\dot{r}=\frac{\epsilon}{2\pi}\int_{0}^{2\pi}\cos t\cdot\sin(2r\cos t)dt=\epsilonJ_{1}(2r),\dot{\theta}=1+\frac{\epsilon}{2\pi r}\int_{0}^{2\pi}\sin t\cdot\sin(2r\cos t)dt=1,\end{array}$ (4.9)
. $J_{n}(r)$ 1 Bessel , $r^{2}x’’+rx’+(r^{2}-n^{2})x=0$
.
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(3.65) , 1 $y_{1}$ $y_{2}$
((3.65) ).
$\mathcal{E}_{0}$ , $0<\epsilon<\epsilon_{0}$ $R^{2}$ .
, $\epsilon_{0}$ 1 $\varphi_{I}(R_{1})$ .






$g(x)=\{\begin{array}{ll}x, x\in[2n, 2n+1),-x, x\in[2n+1,2n+2),\end{array}$ (4.11)
$n=0,1,2,$ $\cdots$ , $g(x)=-g(-x)$ (Fig.1 $(a)$).
(a)
Fig. 1 $g(x)$ $\overline{g}(x)$ .
(4.10) , $(n-\delta, n+\delta),$ $n\in Z$
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,$\{\begin{array}{l}\dot{x}_{1}=x_{2}+2\epsilon\overline{g}(x_{1}),\dot{x}_{2}=-x_{1},\end{array}$ (4.12)
$C^{\infty}$ (Fig.1 $(b)$). Example 4.1 , 1
$C^{\infty}$
$\{\begin{array}{l}\dot{r}=\frac{\epsilon}{2\pi}\int_{0}^{2\pi}\cos t\cdot\overline{g}(2r\cos t)dt;=\frac{\epsilon}{2\pi}R(r),\dot{\theta}=1+\frac{\epsilon}{2\pi}\int_{0}^{2\pi}\sin t\cdot\tilde{g}(2r\cos t)=1\end{array}$ (4.13)
. $R(r)$
$R(r)=\{\begin{array}{ll}2\pi r, r\in(2n+\delta, 2n+1-\delta),-2\pi r, r\in(2n+1+\delta, 2n+2-\delta)\end{array}$ (4.14)
. $R(r)$ $r=n\in Z$
, $r=2n+1$ . 39 , (4.12)
. , (4.10)
(4.12) .
, $\overline{g}(x)$ (4.12) , 1
$\dot{r}=\epsilon r$ , .
A Appendix
Prop.3. $2\sim 3.4$ (3.31) (3.32) .
(3.31)
$x_{2}=e^{At}h^{(2)}( \gamma)+e^{At}\int_{0}e^{-As}(\frac{\partial g_{1}}{\partial x}(e^{As}y)O(g_{1I})(l^{s}y)+g_{2}(e^{As}y))ds$
$+e^{At} \int_{0}^{t}e^{-As}\frac{\partial g_{1}}{\partial x}(l^{s}y)g_{1K}(l^{s}y)ds\cdot t-l^{t}\int_{0}ds\int_{0}^{s}e^{-AF}\frac{\partial g_{1}}{\partial x}(e^{A\prime})’)gl\kappa(\text{ ^{}\prime}y)ds’$
$=l^{t}h^{(2)}(y)+l^{t} \int_{0}^{t}e^{-As}(\frac{\partial g_{1}}{\partial x}(l_{\mathcal{Y}}^{s}p(g_{1I})(l^{s}y)+g_{2}(e^{As}y))ds$
$+e^{At} \int_{0}e^{-\Lambda s}\frac{\partial g_{1K}}{\partial x}(e^{As}y)g_{1K}(l^{s}y)ds\cdot t+l^{t}\int_{0}e^{-As}\frac{\partial g_{1I}}{\partial x}(l^{s}y)g_{1K}(l^{s}y)ds\cdot t$
$-e^{At} \int_{0^{d_{S}}}I_{0}^{e^{-Al}\frac{\partial g_{1K}}{\partial x}(\swarrow y)g_{1K}(l^{s’}y)ds’-e^{4t}\int_{0^{ds}}f_{0}e^{-Ad}\frac{\partial g_{1l}}{\partial x}(l^{S’}y)g_{1K}(l^{S’}y)ds’}s’$
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. Prop.3.3 3.4 $Dg_{1}\kappa\cdot g_{1K}\in V_{K},$ Dgii $\cdot g_{1K}\in V_{I}$ ,
$x_{2}=e^{At}h^{(2)}(y)+l^{t} \int_{0}^{t}e^{-As}(\prime\prime$
$+e^{At} \frac{\partial g_{1K}}{\partial x}(y)g_{1K}(y)t^{2}+O(\frac{\partial g_{1I}}{\partial x}g_{1K})(l^{t}y)t-e^{4t}O(\frac{\partial g_{1J}}{\partial x}g_{1K})(y)t$
$-e^{At} \int_{0}\frac{\partial g_{lK}}{\partial x}(\gamma)g_{1K}(y)sds-e^{At}\int_{0}(e^{-\Lambda s}O(\frac{\partial g_{1J}}{\partial x}g_{1K})(e^{As}y)-O(\frac{\partial g_{1I}}{\partial x}g_{1K})(\gamma))ds$
$=l^{t}h^{(2)}(y)+e^{At} \int_{0}^{t}e^{-\Lambda s}(\frac{\partial g_{1}}{\partial x}O(g_{1I})+g_{2}-\frac{\mathfrak{X}(g_{1l})}{\partial x}g\iota\kappa)(l^{s}y)ds$
$+ \frac{1}{2}e^{At}\frac{\partial g_{1K}}{\partial x}(y)g_{1K}(y)t^{2}+\frac{\partial O(g_{1I})}{\partial x}(e^{At}y)g_{1K}(e^{\Lambda t}y)t$
. $R_{2}$ (3.33) ,
$x_{2}= \text{ ^{}t}h^{(2)}(y)+e^{4t}4\int_{0}^{t}e^{-\Lambda s}\mathcal{P}_{I}(R_{2})(e^{As}y)ds+e^{4t}\int_{0}^{t}e^{-As}P_{K}(R_{2})(e^{As}y)ds$
$+ \frac{1}{2}l^{t}\frac{\partial g_{1K}}{\partial x}(\nu)g_{1K}(y)t^{2}+\frac{\partial O(g_{1I})}{\partial x}(e^{At}y)g_{1K}(e^{At}y)t$
$=l^{t}h^{(2)}(y)+O\mathcal{P}_{I}(R_{2})(e^{At}y)-\text{ ^{}t}O\mathcal{P}_{J}(R_{2})(y)+\text{ ^{}t}\mathcal{P}_{K}(R_{2})(y)t$
$+ \frac{1}{2}e^{At}\frac{\partial g_{1K}}{\partial x}(y)g_{1K}(y)\beta+\frac{\partial O(g_{1l})}{\partial x}(l^{t}y)g_{1K}(e^{At}y)t$
. $h^{(2)}=O\mathcal{P}_{I}(R_{2})$ (3.32) .
Reference
[1] V I. Amold, Geometrical methods in the theory of ordinary differential equations,
Springer-Verlag, New York, 1988
[2] J. Carr, Applications ofCentre Manifold Theory, Springer-Verlag, 1981
[3] L. Y Chen, N. Goldenfeld, Y. Oono, Renonnalization group theory for global asymp-
totic analysis, Phys. Rev. Lett. 73 (1994), no. 10, 1311-15
[4] L. Y. Chen, N.Goldenfeld, Y Oono, Renormalization group and singular perturba-
tions: Multiple scales, boundaiy layers, and reductive perturbation theory, Phys. Rev.
$E54$, (1996), 376-394
[5] H. Chiba, $C^{1}$ approximation of vector fields based on the renormalization group
method, SIAM J. Appl. Dyn. Syst. Vol.7, 3 (2008), pp. 895-932
[6] H. Chiba, Approximation ofCenter Manifolds on the Renormalization Group Method,
J. Math. Phys. (2008)
115
[7] H. Chiba, Extension and Unification of Singular Perturbation Methods for ODEs
Based on the Renormalization Gourp Method, (to appear)
[8] S. N. Chow, C. Li, D. Wang, Normal forms and bifurcation of planar vector fields,
Cambridge University Press, 1994
[9] M. Hirsch, Differential topology, Springer-Verlag, New York-Heidelberg, 1976
[10] J. Murdock, Normal forms and unfoldings for local dynamical systems, Springer-
Verlag, New York, (2003)
[11] J. Murdock, Hypemormal form theory: foundations and algorithms, J. Differential
Equations, 205 (2004), no. 2, 424-465
[12] N. T. Zung, Convergence versus integrability in Poincare-Dulac normal form, Math.
Res. Lett. 9 (2002), no. 2-3, 217-228
116
